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Abstract 
Maehara, H., Distances in a rigid unit-distance graph in the plane, Discrete Applied Mathematics 
31 (1991) 193-200. 
It is proved that a number d > 0 can appear as the Euclidean distance between two vertices in some 
“rigid” unit-distance graph in the plane if and only if d is an algebraic number. 
1. Introduction 
All graphs are considered to be finite and simple. By a graph in the plane, we 
mean a graph whose vertex set is a point set in the plane, and whose edge set is a 
set of line segments connecting two vertices. 
Throughout this paper, X stands for a finite nonempty set in the plane. Let d be 
a set of positive numbers containing 1 (such a set d will be called a distance set). 
The A-distance graph on X, denoted by X(A), is the graph with vertex set X and 
edge set 
{XY: lx-y1 EA, x,yeX}, 
where Ix-y 1 denotes the Euclidean distance between x and y. Letting A = {l}, we 
have the unit-distance graph on X. Let A + denote the set of all positive algebraic 
numbers. The graph X(,4 +) is called the algebraic-distance graph on X. 
Two sets X, Yin the plane are said to be congruent o each other if there is a rigid 
motion of the plane which carries X to Y. A graph G in the plane with vertex set 
X is called rigid if there exists a 6>0 such that any point set X’= {x’: XEX} in the 
plane satisfying (1) Jx-x’j ~6 for all xeX, and (2) lx’-y’j = Ix-y1 for all edges 
xy of G, is congruent to X. Hence, a complete graph in the plane is always rigid. 
A graph G in the plane is flexible if we can continuously move the vertices in the 
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plane keeping each edgelength unchanged so that at least one pair of nonadjacent 
vertices change their mutual distance. It is known that a graph in the plane is rigid 
if and only if it is not flexible, see, e.g. [1,6]. 
Movement problems for flexible graphs from the computational complexity point 
of view are considered in e.g. [4]. 
In [3] it was proved that if X(A +) is rigid, then X(A +) is a complete graph. (A 
short proof of this result will be given in the next section by applying a result in [2] .) 
Then there naturally arises a question: Is there any proper subset d of A + which 
satisfies the following condition? 
X(d) is rigid * X(d) is complete. (*) 
Let r be the set of (Euclidean) distances between vertices in rigid unit-distance 
graphs in the plane. In other words, d>O belongs to F’if and only if d= Ix-y/ for 
a pair of vertices x, y in a rigid unit-distance graph in the plane. Then any distance 
set satisfying (*) contains r. 
We will prove that I-= A + . Thus the minimal distance set satisfying (*) is A +, 
and hence no proper subset d of A + satisfies the condition (*). 
2. Algebraic-distance graphs and rigidity 
Theorem 2.1 [3]. An algebraic-distance graph G in the plane is rigid if and only if 
G is complete. 
This theorem was proved in [3] in general dimension 22. We give here a short 
proof using the following theorem which was proved in [2]. This proof also works 
in any dimension 22. 
Theorem 2.2 [2]. Let f (x) and g(x) be polynomials in N variables whose coefficients 
are all real algebraic numbers. If f (p) (p E fRN) is a local maximum off(x) under 
the condition g(x) = 0, then f(p) is a real algebraic number. 
Actually this theorem holds for any ‘real algebraic functions’ f(x), g(x) over the 
field of real algebraic numbers, see [2] for details. 
Proof of Theorem 2.1. If G is complete, then it is clearly rigid. Suppose that G is 
not complete. Let X= {pl, . . . , p,} be the vertex set of G, and put 
E = {zj: pips is an edge of G, i < j}. 
Since G is not complete, we may suppose that plpz is not an edge of G. Consider 
the polynomials f, g in 2n variables (xi, yl, . . . ,x,,, yJ: 
fhl,Y,, .a., xmY,)=(x1 -G2+ (Yl -Y,12, 
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where e;j = jpi -Pj / . Then f and g are polynomials over the real algebraic numbers, 
and g(p) = 0, where p = (pl, . . . , p,) E R2”. Since f(p) = IpI -p2 1 2 is not algebraic, 
f(p) is not a maximal value of f under g(xr, y,, . . . ,xn, y,) = 0, by Theorem 2.2. 
Hence, for any 6 > 0, there exists a point q= (ql, . . . , q,J E R2” such that 
Ipi -qi/ < 6, f(q) >f(p), and g(q) =O. However, g(q) =0 implies that 
/4i-4jl = IPi-PJI f or all edges p,pj of G. Hence G is not rigid. q 
3. Two lemmas 
Recall that r denotes the set of (Euclidean) distances between vertices in rigid 
unit-distance graphs in the plane. 
Lemma 3.1. Every rigid r-distance graph in the plane is complete. 
Proof. Let G be a rigid r-distance graph in the plane. Let xy be any edge of G. Then 
Ix-y1 is in I-. Hence there is a rigid unit-distance graph G, in the plane which 
contains x, y as its vertices. Let X be the union of the vertex set of GxY for all edges 
xy of G. Then X contains all vertices of G. Since each G, is rigid and so is G, the 
unit-distance graph on X must be rigid. Therefore all distances among X are in I-, 
and hence the r-distance graph G is complete. 0 
Lemma 3.2. If d is in r, then qd is in rfor any rational number q > 0. Hence r 
contains all positive rational numbers. 
Proof. (1) If d is in r, then nd is in r for any integer n > 0. 
This follows from Lemma 3.1 and Fig. 1, because the subgraph of a r-distance 
graph shown in Fig. 1 is clearly rigid. 
Since r contains 1, r contains all positive integers. 
(2) If c, d (d > c) are in r, then c2/d is in r. 
This also follows from Lemma 3.1 and Fig. 2. 
Letting d = nc, we have c/n E r. Thus by (l), (2), c E r implies that qc E r for any 
rational number q > 0. 17 
d 
Fig. 1. 
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AABD-AEAB 
BD = c2/d 
Fig. 2 
4. A few linkages 
Recall that in a graph in the plane, all edges are line segments. However, two ver- 
tices connected by a line segment are not necessarily adjacent. For example, in the 
unit-distance graph in Fig. 3, the vertices A and E are connected by a line segment, 
but they are not adjacent. 
A graph in the plane in which any two vertices connected by a line segment are 
adjacent is called a linkage. In a linkage, vertices are rather called joints, and an 
edge which is not a portion of any other edge is called a rod. Thus in a linkage, any 
two joints on a rod are adjacent. A linkage is called rational if all edge-lengths are 
rational numbers. 
In the following, a line segment AB and its length are denoted by the same nota- 
tion AB, for simplicity. We introduce here some flexible linkages. They are essen- 
tially due to Kempe [5]. 
The first is an antiparallelogram. This is a linkage consisting of four rods AB, 
BC, CD, DA (AB = CD # BC = DA), linked at A, B, C, D, so that they form a self- 
intersecting quadrilateral ABCD in the plane, see Fig. 4. Note that, in an anti- 
parallelogram ABCD, the angle LBAD can move freely, but we always have 
L BAD = L BCD. (4.1) 
A reverser R(0: A, B, C) is a linkage consisting of six rods 
ODA, OFB, OHC, DE, FEG, GH, 
(OD = EF, DE = OF = GH, FG = OH, OD : OF = OF : OH), linked so that ODEF 
and OFGH are both antiparallelograms, see Fig. 5. In a reverser R(0: A, B, C), the 
C 
Fig. 3. 
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B D 
A Pi C 
Fig. 4. 
angle LAOB can vary freely, but we always have 
LAOB= LCOB. 
This is seen as follows: By (4.1) and OD : DE= OF : FG, we have 
AEFO = AODE- AOFG = GHO. 
Hence 
(4.2) 
LGOF- ziGOH= LEOD- LEOF. 
Therefore L DOF= L HOF. Thus we always have (4.2). 
Note that if OA, OB, OC are rods of rational length, then we can make a rational 
reverser R(0: A, B, C). 
For n 12, an n-fan F(0: A,, . . . , A,) is a linkage consists of n - 1 reversers 
R(O: A,, A,,A,), R(O: A,,&A,), . . . ,R(O: A,-z,A,- I,&). 
In an n-fan F(0: A,, . . . , A,,), the angle LA~OA, can vary freely, but by (4.2), 
we always have 
,iAOOA1=... = LA,_,OA,. (4.3) 
A jack J(OB: D) is a linkage obtained by attaching a rhombus OCDE to a rod 
AOE and then attaching a reverser R(0: A, B, C), see Fig. 6. 
In a jack J(OB: D), the distance 10 -D 1 can vary freely, but we always have 
LDOB=~O”. (4.4) 
Note that if OB is a rod of rational length, then for any positive number t, we can 
make a rational jack J(OB: D) in which 10 -D 1 = t. 
G 
Fig. 5. 
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Fig. 6. 
The last is a translator T(AB: EF). This is a linkage consists of two 
para$lograms ABCD, CDEF, see Fig. 7. This will be used to translate a given vec- 
tor AB to the vector starting from (or ending at) a given point. In T(AB: EF), we 
can always choose integral lengths AD, DE. Thus, if the length of AB is a rational 
number, then T(AB: EF) is rational. 
5. Main result 
The next lemma is easy. 
Lemma 5.1. For any positive integer n >0, cos”6’ can be represented as 
a, cos(nB)+a,_, cos((n - i)ej+x+a, cOs(e)+ao, 
with the ai all rational numbers. 
Theorem 5.2. T=A,. 
Proof. By Theorem 2.1, A+ contains ZY Hence we have only to show that r con- 
tains A+. Further, by Lemmas 3.1 and 3.2, it is enough to show that every 
algebraic number a, 0 < a < 1, appears as a distance in a rigid r-distance graph. The 
idea of the proof is borrowed from Kempe [5]. Let a = cos o > 0 be an algebraic 
number. Then there exists a nontrivial polynomialf(x) with integral coefficients for 
which f(a) = 0. Let 
x=c0s 8. 
E 
O4zzc 
F 
D C 
A B 
Fig. 7. 
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Then, applying Lemma 5.1 to the expansion of f(cos 0), we get 
f(cose)=b,cos(ne)+b,_~cos((n-1)e)+~~~+6,cos(B)+b~, (5.1) 
for some integer n > 0 and rational numbers bi. Let N be an integer greater than 
any 1 bjl. We begin with a construction of a rational linkage K(OA,; Ai,D,). 
Take n+ 1 rods AiOBi (i=O, . . . . n) of length 2N such that 1 OAil = 1 OBiI , and 
link them at 0. Attach a rational n-fan F(0: A,, . . . ,A,) with LA,O&= 8. Then 
by (4.3), we have 
LAiOAo=ii9, i= l,..., n. (5.2) 
From now on, we suppose that the rod BoOA, of the linkage K(OA,,A,,D,) is 
fixed on the x-axis with 0 at the origin, and A, at the positive side. For each i, 
i=O , . . . , n, take a joint Ci on the edge OAi or on the edge OB, accordingly as bi > 0 
or I 0 SO that OCi = / bi 1. Then we have 
(the abscissa of Ci) = bi cos(i0). (5.3) 
Now, letting D, = C,, attach n translators r(OC;, Di_ ,Di), i = 1, . . . , n, one by one, 
thereby defining the joints Di, i = 1, . . . , n. The resulting linkage is denoted by 
K(O&, A ,, 0,). Note that 
~,=6i&+D~,+~~~+D,DD, 
=o-c,+o-c,++o-c,, (5.4) 
and that the angle B= LA,OA, determines the positions of all joints. Hence, by 
(5.1)-(5.4), it follows that 
(the abscissa of D,) =f(cos 0). (5.5) 
Thus if B= o, then, since f(cos w) =f(a) = 0, the joint D, lies on the y-axis. Fur- 
thermore, since the number of zeros of f(x) is finite, we have the following, pro- 
vided that 0 is in a small neighborhood of o. 
D, lies on the y-axis if and only if B = o. (5.6) 
Let 8= w in K(OA,,A,,D,), and attach to it a rational jack J(OA,: 0,). Then 
we get a rational linkage L(A,OBo,A,). It follows from (5.6) and the property (4.4) 
Fig. 8. 
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of a jack that every joint of L(AeO&,A,) is fixed. Hence L(&OB,,A,) is a rigid 
linkage. 
Let X be the set of all joints of L(AOOBO,A,). Since r contains all positive ra- 
tional numbers, the linkage L(A,OBe,A,) is a spanning subgraph of X(T). Hence 
X(T) is rigid, and hence I&-A,1 is contained in r. Since I&--A, 1 = 2N cos cc) 
(see Fig. 8), r contains a, by Lemma 3.2. This completes the proof. 0 
Corollary 5.3. If every rigid A-distance graph in the plane is complete, then A con- 
tains A + . 
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